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(1/21) We aim to. ..

@ Answer a question of Gitik (2017) regarding the
addition of highly generic subsets of w, while
preserving cardinals and the GCH

@ Introduce a generalization of Abraham’s forcing (1983)
for adding a club (1976-2014) and provide a new
proof for a theorem of Shelah

Using Forcing by Side Conditions
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(2/21) Elementary Substructures

(V,e,d,...) E ZFC
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(2/21) Elementary Substructures

(V,e,d,...) E ZFC

M < Vif and only if
Q@ MCV
Q Vo(v,...,m)Va,...,an € M

MEo(a,...,a,) <= VEp(a,...,a)

Let VI=7ZFC and k < |V| infinite cardinal
VXC Vuwith | X| <k IM=<V s.t

Q M=«
Q@ XCM
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Some Notations

trcl(z) is the least transitive y O z
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Some Notations

trcl(z) is the least transitive y O z

Hy = {x: |trcl(z)| < 6}

2] = {y C 2 |y| = &}

5&079 = {ME [H@]NOZ M =< Hg}
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(4/21) Large Subsets

C C [A]" is closed unbounded iff
Q@ Vze[A]"Jye C(y 2D x)
(2] U zq € C, for every C-increasing (7, € C: a < k)

a<k
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(4/21) Large Subsets

C C [A]" is closed unbounded iff
Q@ Vze[A]"Jye C(y 2D x)
(2] U zq € C, for every C-increasing (7, € C: a < k)

a<K
C={a € wy: o is a limit ordinal} C wo |
Enoo © [Hpl™ |
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(4/21) Large Subsets

C C [A]" is closed unbounded iff
Q@ Vze[A]"Jye C(y 2D x)
(2] U zq € C, for every C-increasing (7, € C: a < k)

a<K
C={a € we: ais a limit ordinal} C wo |
Exo0 C [Ho]™ |

Definition

S C [A]" is Stationary, if S meets every club C' C [4]*

S={a € ws: cof(a) = wi} |
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(5/21) Forcing

P = (P, <p,1p) € Vis a Forcing notion
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P = (P, <p,1p) € Vis a Forcing notion

Definition

F C P is filter if
Q@ Vp,ge Fare F(r<p,q
Q@ (¢<pANqg€eF) = peF
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(5/21) Forcing

= (P, <p,1p) € Vis a Forcing notion
F C P is filter if
Q@ Vp,ge Fare F(r<p,q
Q@ (¢<pANqg€eF) = peF

Definition

DCP
e is dense iff VpeP3qe D(q< p)
e predense iff Vp e P3ge D(q| p)
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(5/21) Forcing

= (P, <p,1p) € Vis a Forcing notion
Definition
F C P is filter if
Q@ Vp,ge Fare F(r<p,q
@ (¢<pANg€EF) = peF

| .

Definition
DCP
o is dense iff Vp € P3g € D(q < p)
e predense iff Vp e P3qg€ D(q || p)
Definition

G C P is Generic over V, if
QO Gis a filter
@ GND+#0V Dense/Predense D € V




(6/21) Generic Extension

z={(y,p): p € P and y is a P-name}
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(6/21) Generic Extension

P-name

={(y,p): p € P and y is a P-name}

Definition

2 Gl = {ylGl: (y,p) € zand p € G}
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(6/21) Generic Extension

P-name

={(y,p): p € P and y is a P-name}

Definition

2[G] = {ylG]: (y,p) € zand p € G}

V]G] = {z]G]: z € Vis a P-name}
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(6/21) Generic Extension

P-name

{<?/, p): p € P and yisaP- name}

Definition

2[G] = {ylG]: (y,p) € zand p € G}

Definition

V]G] = {z]G]: z € Vis a P-name}

Let

Q@ z={(y1): ye a} for every z€ V
@ G={(p,p):peP}
Then for every H C P Generic, 7[H] = z and G[H] = H
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(7/21) The magics

o VC V|G
o Ge V|G

Rouholah Hoseini Naveh Forcing With Elementary Substructures



(7/21) The magics

o VC V|G
o Ge V|G

VIG) & ZFC and V[G]N ON = VN ON

Rouholah Hoseini Naveh Forcing With Elementary Substructures



(7/21) The magics

o VC V|G
o Ge V|G

Theorem
V[G] E ZFC and V[G)N ON = VN ON

Cohen Forcing
Add(Rg,Ra) = {p: w X wa — 2: |p| < Np}

Q UG: w X wy — 2 NEW!
@ V[G] = ~CH

D—
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(7/21) The magics

o VC V|G
o Ge V|G

Theorem
V[G] E ZFC and V[G)N ON = VN ON

Cohen Forcing
Add(Rg,Ra) = {p: w X wa — 2: |p| < Np}

Q UG: w X wy — 2 NEW!
@ V[G] = ~CH

D—

A C P is antichain, if p }f ¢ for all p,g€ A
IP preserves 6 > k if its maximal antichains have size < k

= = = =
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(8/21) Proper Forcing

P is Proper if for every 6 > w
Every Stationary S C [#]"° remains stationary in V]G]
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(8/21) Proper Forcing

Definition

P is Proper if for every 6 > w
Every Stationary S C [#]"° remains stationary in V]G]

If P is proper, then X/ = va[G] J
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(8/21) Proper Forcing

P is Proper if for every 6 > w
Every Stationary S C [#]"° remains stationary in V]G]

If P is proper, then X/ = va[G] J

Master Condition

ge P e Me &,y is called (M, P)-Generic condition, if
for every D € M, dense in P, DN M is predense below ¢
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(8/21) Proper Forcing

Definition

P is Proper if for every 6 > w
Every Stationary S C [f]*° remains stationary in V[G]

If P is proper, then X/ = va[G] J

Master Condition

ge P e Me &,y is called (M, P)-Generic condition, if
for every D € M, dense in P, DN M is predense below ¢

Theorem

P is proper if and only if
For every large enough cardinal 6 and club many M € Ey, o
Every p € PN M has an (M, P)-generic extension

.
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(8/21) Proper Forcing

Definition

P is Proper if for every 6 > w
Every Stationary S C [f]"° remains stationary in V[G]

If P is proper, then X/ = va[G] J

Master Condition

ge P e Me &,y is called (M, P)-Generic condition, if
for every D € M, dense in P, DN M is predense below ¢

Theorem

P is proper if and only if
For every large enough cardinal 6 and club many M € Ey, o
Every p € PN M has an (M, P)-generic extension

StI’OHg properness

Using strongly (M, P)-generic conditions, D C P N M must be
predense below q.
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The Gitik’s question

Is there a cardinal and GCH preserving extension of the
universe in which there is A C k of size x such that for every
countable infinite z € PV (k)

e zNA#(
o zN(k\A)#0
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The Gitik’s question

Is there a cardinal and GCH preserving extension of the
universe in which there is A C k of size x such that for every
countable infinite z € PV (k)

e zNA#(
o zN(k\A)#0

Let P, = {p: K — 2: |p| < No}

A={a:3Jpe G(p(a) =1)}

For every z € P(k) NV, let

Dy ={qeP: 3,9 € a(q(y) =1and ¢(') = 0)}
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The Gitik’s question

Is there a cardinal and GCH preserving extension of the
universe in which there is A C k of size x such that for every
countable infinite z € PV (k)

e zNA#(
o zN(k\A)#0

Let P, = {p: k — 2: |p| < Wo}

A={a:3Jpe G(p(a) =1)}

For every z € P(k) NV, let

Dy ={qeP: 3,9 € a(q(y) =1and ¢(') = 0)}

The problem
P, = Add(Ro, k) So for k > Ny, the GCH FAILS!
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(10/21) The answer for Ny

Let x C &ny0
@ Oy = MNuw for each M € x
o (o) ={Mez:éy=a}
e supp(z) = {0y : M € z}
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(10/21) The answer for Ny

Let x C &ny0
@ Oy = MNuw for each M € x
o (o) ={Mez:éy=a}
e supp(z) = {0y : M € z}

p = (M, fp) € P where:

(1] prIPNQ

Q ./\/lp - ENO,NQ finite

Q M,M’E/\/lpandéMzéM/ = M=M

Q@ MMM eMyand oy <y = IM' =M (Me M)
@ If M e M,, then for all M € M, with M= M,

om,mr () € dom(fy)

a € dOm(fp) nM = {fp(()@MyM/(a)) = fp(a)

Rouholah Hoseini Naveh Forcing With Elementary Substructures



(10/21) The answer for Ny

Let x C &ny0
@ Oy = MNuw for each M € x
o (o) ={Mez:éy=a}
e supp(z) = {0y : M € z}

p = (M, fp) € P where:

(1] prIPNQ

Q ./\/lp - ENO,NQ finite

Q M,M’E/\/lpand(SMzéM/ = M=M

Q@ MMM eMyand oy <y = IM' =M (Me M)
Q@ If M e M,, then for all M’ € M, with M = M,

eummr () € dom(f,)
fp(‘PM,M’(O‘)) = fpla)

A={a:3Ipe G(fy(a) =1)} J

™ = = =
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a € dom(f,) N M = {




(11/21) Strongly Master Condition

Lemma (Strongly (N, P)-Generic Extension)

Let 0 > wy large enough and N € Ey, 0
Let pe PN N and assume M = NN H,,

Q Me &y
Q p = (M, U{M},f,) is the master condition
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Lemma (Strongly (N, P)-Generic Extension)

Let 0 > wy large enough and N € Ey, 0
Let pe PN N and assume M = NN H,,

Q Me &y
Q p = (M, U{M},f,) is the master condition

Let D C PN N dense, and ¢ < p’ (Note that M € M,)
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(11/21) Strongly Master Condition

Lemma (Strongly (N, P)-Generic Extension)

Let 0 > wy large enough and N € Ey, 0
Let pe PN N and assume M = NN H,,

Q Me &y
Q p = (M, U{M},f,) is the master condition

Let D C PN N dense, and ¢ < p’ (Note that M € M,)

By Elementarity, there exists = <Mq,fq> ePNN
Q qlq
(2] Supp(Mq) =supp(My NN
@ M,NNC M,
Q@ M, € My and My € M (Syr,) = My = My
© f, 2 fyIN
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(12/21) The restriction of ¢ to N

Let W be the set of all €-chains w= (NY,..., N}’) in MqUMq
such that N} € M y(dpr)

qIN = (MM, f,| M) where

MGIN = {pne u(N{): we Wand 1 <i< [}
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(12/21) The restriction of ¢ to N

Let W be the set of all €-chains w= (NY,..., N}’) in MqUMq
such that N} € M y(dpr)

aIN = (MM, £, M) where
MGIN = {pne u(N{): we Wand 1 <i< [} J

giNe PN N
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(12/21) The restriction of ¢ to N

Let W be the set of all €-chains w= (NY,..., N}’) in MqU/\/lq
such that N} € M y(dpr)

qIN = (MM, f,| M) where

Mq[N: {(pN%M(N;U) we Wand 1 < i< l}

giINe PN N

Let r€ D, extends ¢ N

s = (Mg, fs) where

My = My UM, U {oun(K) : N € My(dx) and K € M}
e =iz U fq U {(@N’,N’/(a)af?”(a» :

(VNS dom(fr),N’, N' e MS and (51\]/ = (SN//}
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(12/21) The restriction of ¢ to N

Let W be the set of all €-chains w= (NY,..., N}’) in MqU/\/lq
such that N} € M y(dpr)

qIN = (MM, f,| M) where J

Mq[N: {(pN%M(N;”) we Wand 1 < i< l}

gINePNN

Let r€ D, extends ¢ N

s = (Mg, fs) where

My = My UM, U {oun(K) : N € My(dx) and K € M}
e =iz U fq U {(@N’,N’/(a)vfr(a» :

a € dom(fr),N’, N' e M, and §p = (SN//}

(GCH) P is Ng—c.c so preserves all cardinals J




(13/21) Preserving the CH

Letpe M= M e gNg,Ng;
© paar = (My U LM, MY, £y U {010 (@), ()
a € dom(fp)})
@ puw IFpuw[GNM =GN M
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(13/21) Preserving the CH

Letpe M= M e gNo,N27
© paar = (My U LM, MY, £y U {010 (@), ()
a € dom(fp)})
@ puw IFpuw[GNM =GN M

P preserves the CH

By contradiction assume p IF (1, : @ < ws) is a set of reals
Let po < pand py Ik 1 C @

Let po, p, P, 10 € M, € 5&019

There is a < f < wa s.t. (M, €, P, pa, 10) = (Mg, €, P, pg, 1)
PMa, Mz < Pa, Pg and puy, M, IF 10 = 13
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(14/21) Adding a club

Theorem

Let T C k stationary. There are stationary sets S, 5 C T
such that S1N Sy =10
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(14/21) Adding a club

Theorem

Let T C k stationary. There are stationary sets S, 5 C T
such that S1N Sy =10

Baumgartner, Harrington and Kleinberg (1976)

Let T C w; stationary. There is a forcing notion which adds a
club CC T

v
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(14/21) Adding a club

Let T C k stationary. There are stationary sets S, 5 C T
such that S1N Sy =10

Baumgartner, Harrington and Kleinberg (1976)

Let T C w; stationary. There is a forcing notion which adds a
club CC T )

(1983) Abraham-Shelah
Let S C k fat stationary. There is a forcing notion which adds
a club C'C S and adds no new sets of size < s

v
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(15/21) Still adding club

2004 Mitchell, 2005 Friedman

A club in wy with finite conditions
The first use of side conditions to add an object to a cardinal
> Ny
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(15/21) Still adding club

2004 Mitchell, 2005 Friedman

A club in wy with finite conditions
The first use of side conditions to add an object to a cardinal
> Ny

A

2014 Neeman

A club in wy with finite condition contains €-chains of
elementary substructures of two types
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(15/21) Still adding club

2004 Mitchell, 2005 Friedman

A club in wy with finite conditions
The first use of side conditions to add an object to a cardinal
> Ny

2014 Neeman

A club in wy with finite condition contains €-chains of
elementary substructures of two types

v

A Generalization of Abraham’s Forcing from another aspect
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Preliminaries

N = (Ng: € < o) is an a-tower where
o Ng S 5N07A
©Q N € Neyr
@ N; = | Ne for limit 6
£<6
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Preliminaries

N = (Ng: € < o) is an a-tower where
o Ng S gNOM\
©Q N € Neyr
@ N; = | Ne for limit 6
£<6

qis (N, P)-generic, if it is (Ng, IP)-generic for every £ < a )

P is a-proper, if for every a-tower N, every p € Ny has an
(N, P)-generic extension
P is < a-proper, if is S-proper for every § < «

Rouholah Hoseini Naveh Forcing With Elementary Substructures



Preliminaries

N = (Ng: € < o) is an a-tower where
o Ng S gNOM\
©Q N € Neyr
@ N; = | Ne for limit 6
£<6

qis (N, P)-generic, if it is (Ng, IP)-generic for every £ < a )

P is a-proper, if for every a-tower N, every p € Ny has an
(N, P)-generic extension
P is < a-proper, if is S-proper for every § < «

« is indecomposable, if § + v < «, for every < v < « J
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(17/21) The Forcing Notion

p = (M,, fp) where
O M, = (M€ &y, : i< ny) finite €-chain
Q fp: M, — H, such that
o fp(M) C M, , finite

i+1
° fp(Mprl) C H,, finite
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(17/21) The Forcing Notion

p = (M,, fp) where
O M, = (M€ &y, : i< ny) finite €-chain
Q f,: M, — H,, such that

o f(M) C M | finite

o f(MP ny—1) C Ho, finite

g < p if and only if
Q@ M, C M,
Q f,(M) C fy(M), for all M e M,
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(18/21) P Adds a club

Theorem

C={ém:Ipe G(Me M)} is a club in w;
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(18/21) P Adds a club

Theorem

C={ém:Ipe G(Me M)} is a club in w;

Dy={qeP:3IMe My(y<du)} is Dense

(Vp € P)(Vy € w1)(3p < p)(AN € My )(y < 6n) ]
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(18/21) P Adds a club

Theorem
C={ém:Ipe G(Me M)} is a club in w,

Dy={qeP:3IMe My(y<du)} is Dense

(Vp € P)(Vy € w1)(3p < p)(AN € My )(y < 6n) ]

If pIF 5 ¢ C, then pl- ¥ ¢ lim C

O <<y o = y<EEH o
A e S

fo(ME) = fy (M) U (€}
r<g= rlFCN(,r, =0

= T =
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(19/21) Properness

Theorem

P is proper

Let pe M € Eyyp and M= M N H,,
p'=(MpU{M}, f, U(MD))

Let DCPNM and ¢ < p/

aI M = (Mg M, foI M)

Let r < q[M

§= <M’I‘UM(]7fT‘qu>
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(19/21) Properness

Theorem

P is proper

Let pe M € Eyyp and M= M N H,,
p'=(MpU{M}, f, U(MD))

Let DCPNM and ¢ < p/

aI M = (Mg M, foI M)

Let r < q[M

§= <M’I‘UM(]7fT‘qu>

P is not w-proper

Let N = (N;: i < w) be an w-tower and p € Ny
If ¢ < pis (N, P)-generic, then ¢l C'is not a club J
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(20/21) Generalized case

Let o < w; indecomposable
Plo] = {p = (M, fp, Wp)} where
o M, = (Mé7 € Exony t € < 7p < @) a continuous €-chain
° fp: M, — H, st.
fp(Mg) C M?_H finite
fp(ME) C H,, finite

o W, C M, s.t. YNE W, p[N= (M,NN,f,[NW,NN) € N

q < p if and only if
QO M, M,
Q f,(M) C fo(M) for all M € M,,
Q W, CW,
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(20/21) Generalized case

Let o < w; indecomposable
Plo] = {p = (M, fp, Wp)} where
o M, = (Mg € Exony t € < 7p < @) a continuous €-chain
° fp: M, — H, st.
fp(Mg) C M?_H finite
fp(ME) C H,, finite

o W, C M, s.t. YNE W, p[N= (M,NN,f,[NW,NN) € N

q < p if and only if
QO M, M,
Q f,(M) C fo(M) for all M € M,,
Q W, CW,

C={ém:Ipe G(Me M,)} is aclub in w; |

= = =
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(21/21) Properness

Pla] is < a-proper but not a-proper
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(21/21) Properness

Pla] is < a-proper but not a-proper

N =(Ne: (< B <a)and pe Pla]N N fix
p = (My, fy, Wy) such that

Q@ My =M,UN

@ Jy (M) = fy(M) for € <,

Q fy(Ng) =0n +1for (<

Q Wy =W, U{N; € N: ( is not a limit}
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(21/21) Properness

Pla] is < a-proper but not a-proper

N =(Ne: (< B <a)and pe Pla]N N fix
p = (My, fy, Wy) such that

Q@ My =M,UN

@ Jy (M) = fy(M) for € <,

Q@ fy(Ng)=dn, +1for (<p

Q Wy =W, U{N; € N: ( is not a limit}

p’ is strongly (N¢, P[a])-generic if ¢ is non-limit
p' is (Ns,P[a])-generic if § is limit
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(21/21) Properness

Pla] is < a-proper but not a-proper

N =(Ne: (< B <a)and pe Pla]N N fix
p = (My, fy, Wy) such that

Q@ My =M,UN

@ Jy (M) = fy(M) for € <,

Q@ fy(Ng)=dn, +1for (<p

Q Wy =W, U{N; € N: ( is not a limit}

p’ is strongly (N¢, P[a])-generic if ¢ is non-limit
p' is (Ns,P[a])-generic if § is limit

Let N = (N¢: £ < ) is an a-tower and p € Ny
If ¢ < pis (N, P[a])-generic, then ¢l C'is not a club
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